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Primitivni funkce a jeji vlastnosti, neurcity integral

Definice (Primitivni funkce)

Necht f a F jsou funkce definované na otevfeném intervalu I. Funkce F' se
nazyva primitivni funkce k funkci f na intervalu I, jestlize

F'(z) = f(z) pro kazdé =z € 1.

Z definice pfimo vyplyva, Ze je-li F' primitivni funkce k funkci f na I, pak zfejmé i
funkce F' + ¢, kde c je libovolnd redlnad konstanta, je primitivni funkce k funkci f
na I, nebot plati:

[F(x) + ) = F'(a) +¢ = f(z) + 0= f(x)

Existuje-li tedy na daném intervalu primitivni funkce k funkci f, pak jich existuje
nekonené mnoho.
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Priklad

Primitivni funkce k funkci y = 22 jsou nap¥iklad funkce

nebot

! / !
<%4) :xS, <%4+3) :xB, <%4—7> =25

Z¥ejmé kazdd funkce tvaru y = 1—4 + ¢, kde ¢ € R, je primitivni k funkci y = 3.

v
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Véta (Jednoznaénost primitivni funkce)

Necht F' a G je dvojice primitivnich funkci k funkci f na intervalu I. Pak existuje
konstanta ¢ € R takovd, Ze G(x) = F(z) + ¢ pro kaZdé x € I.

P¥edchozi véta ¥ikd, Ze kazdé dvé& primitivni funkce k funkci f se na daném
intervalu li&f jen o aditivni konstantu. Primitivni funkce je tedy aZ na aditivni
konstantu urlena jednozna¢n&. Zname-li tedy jednu primitivni funkci, pak zndme
vSechny.
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Definice (Neurtity integral)

MnoZinu v8ech primitivnich funkef k funkci f zna¢ime [ f(z) dz a nazyvame
neurdity integral. Plati tedy

/f(:v) dz = F(z) + ¢,

kde I je libovolnd primitivni funkce k funkci f a ¢ je libovolna redlnad konstanta.

W

Funkce f se nazyva integrand, konstanta ¢ se nazyva integra¢ni konstanta. Vyraz
dx je tzv. diferencidl proménné x a ¥ikd jak je oznafena proménnd. Proces
nalezeni primitivni funkce k dané funkci nazyvame integrovani. Integraéni
konstantu obvykle b&hem vypoltu nepiseme. Byva zvykem ji psat az k vysledné
primitivni funkci nebo se vynechava lplné.

Ztejmé plati:

(/f(m) dm)/:f(x) a /(F(x))' dz=F(x)+c
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Véta (Postatujici podminka pro existenci primitivni funkce)

Je-li funkce f spojita na intervalu I, pak k ni existuje primitivni funkce na tomto
intervalu.

o Existuji funkce (nespojité), k nimZ neexistuje na daném intervalu primitivni
funkce.

o Existuji funkce, které jsou spojité, tedy k nim existuje primitivni funkce, ale
tyto primitivni funkce nelze vyjad¥it pomoci elementdrnich funkci. Takové
primitivni funkce se nazyvaji vyssi transcendentni, napf¥iklad

.2 e’
e " dux, — dz,
x
sin x cosx .
/ dz, / dz, /smx2 dz, /cos:zc2 dz.
x x
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Zakladni vzorce a pravidla pro integrovani

/cosx dxr =sinx +¢
/sinxdx: —cosz +c

1
s dz =tgr+c
cos?

1
/ >— dz = —cotgz + ¢

sin“ x

1
——— dz = arcsinx + ¢
/\/1—332
! d tgr +
———— dx = arctgx + ¢
2 +1 &

Simona Fignarova (MENDELU)

Neur&ity integral

ZVMT lesnictvi

7/26



@ Misto /1d:c byva zvykem psat /dm.

Y dx 1
@ Casto také piseme — | misto /— dz |,
x

obecnéji:

dz 1
ﬂa=/ﬂa“'
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Véta (Zakladni pravidla pro integrovani)

Necht f a g jsou funkce, k nimZ existuji primitivni funkce na intervalu I a necht
c € R. Pak na I plati:

Ju@tgeNte = [r@dos o) do
[et@as = ¢ [ f@a

Nemame k dispozici Zzadné obecné pravidlo pro integrovani souéinu, podilu
ani slozené funkce!!!
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Ptiklad (Integrovani mocninnych funkci a polynomi)

Qo /x3daz
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Ptiklad (Integrovani mocninnych funkci a polynomi)

4
Qo /x3dm:%+c
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Ptiklad (Integrovani mocninnych funkci a polynomi)

4
Qo /x3dm:%+c

e/ﬁm
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Ptiklad (Integrovani mocninnych funkci a polynomi)

4
Qo /x3dm:%+c

(2] /\/de:/x%dx
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Ptiklad (Integrovani mocninnych funkci a polynomi)

4
Qo /x3dm:%+c

Q/ﬁdx:/x%dx:%
2
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Ptiklad (Integrovani mocninnych funkci a polynomi)

4
Qo /x3dm:%+c

2
(2] /\/dez/x%dx:%:gv:v?’—i—c
2
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Ptiklad (Integrovani mocninnych funkci a polynomi)

4
Qo /x3dm:%+c

2
o /\/de:/x%dx:%:§\/m3+c
2

1
—d
9/x4x
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Ptiklad (Integrovani mocninnych funkci a polynomi)

4
Qo /x3dm:%+c

2
o /\/de:/x%dx:%:§\/m3+c
2

1
Q /—4dx:/ac_4da:
T
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Ptiklad (Integrovani mocninnych funkci a polynomi)

4
Qo /x3dm:%+c

2
o /\/de:/x%dx:%:§\/m3+c
2
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Ptiklad (Integrovani mocninnych funkci a polynomi)

4
Qo /x3dm:%+c

2
o /\/de:/x%dx:%:§\/m3+c
2

1 4 3 1
Q /Fdx:/ac dazz_—3=—ﬁ+c
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Ptiklad (Integrovani mocninnych funkci a polynomi)

24
Qo /x3dm:—+c
4
2
Q /\/de:/x%dx:%:§\/ﬁ+c
2

1 4 3 1
Q /Fdx:/ac dazz_—3=—ﬁ+c

Qo /(x4—|—2x3—|—x—2)dm
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Ptiklad (Integrovani mocninnych funkci a polynomi)

o
(1) /x3dm:—+c
4
2
o /\/de:/x%dx:%:§\/m3+c
2

1 4 3 1

5 4 2
Qo /(ac4—|—2x3—|—ac—2)dm=%+%+%—2m+c

10 / 26
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Pt¥iklad (Zakladni vzorce a jednoduché dpravy)

@ Vynasobeni mocninnych funkci

/xQ\/E dz
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Pt¥iklad (Zakladni vzorce a jednoduché dpravy)

@ Vynasobeni mocninnych funkci

/xQﬁdx:/x% dz
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Pt¥iklad (Zakladni vzorce a jednoduché dpravy)

@ Vynasobeni mocninnych funkci

/xQﬁdx:/x%dx:

8
l\)l\l| o
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Pt¥iklad (Zakladni vzorce a jednoduché dpravy)

@ Vynasobeni mocninnych funkci
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P¥iklad (Zakladni vzorce a jednoduché upravy)

@ Vynasobeni mocninnych funkci

© Rozdé&leni na vice jednodussich zlomkd

3
/ac—i; dx
z

ZVMT lesnictvi
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P¥iklad (Zakladni vzorce a jednoduché upravy)

@ Vynasobeni mocninnych funkci

YN/

© Rozdé&leni na vice jednodussich zlomkd

r+3 T 3
/x2 do = /(F—i_:ﬁ) de

ZVMT lesnictvi
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P¥iklad (Zakladni vzorce a jednoduché upravy)

@ Vynasobeni mocninnych funkci

/$+3dx = / ﬁ—i—i dx:/ l—|—3a:_2 dx
2 2 z2 x
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P¥iklad (Zakladni vzorce a jednoduché upravy)

@ Vynasobeni mocninnych funkci

© Rozdé&leni na vice jednodussich zlomkd

/$+3dx /ﬁ—i—3 dx:/ l—|—3a:_2 dx
2 2 z2 x

T
-1

= In|z|+3-
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P¥iklad (Zakladni vzorce a jednoduché upravy)

@ Vynasobeni mocninnych funkci

© Rozdé&leni na vice jednodussich zlomkd

/$+3dx = / ﬁ—i—i dx:/ l—|—3a:_2 dx
2 2 z2 x

1n|:c|+3-w—:ln|33|———|—c
-1 T
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P¥iklad (Zakladni vzorce a jednoduché upravy)

@ Vynasobeni mocninnych funkci

YN/

© Rozdé&leni na vice jednodussich zlomkd

/$+3dx = / ﬁ—i—i dq::/ l—1—333_2 dx
2 2 z2 x

= 1n|m|+3-x—:ln|$|———|—c
-1 T

© Neryze lomenou racionalni funkci vZdy upravime na soulet polynomu a ryzi

raciondlni lomené funkce (&itatele vyd&lime jmenovatelem)

4

z
——d
/xQ—i—l .

ZVMT lesnictvi

11/ 26

Simona Fisnarova (MENDELU) Neurgity integral



P¥iklad (Zakladni vzorce a jednoduché upravy)

@ Vynasobeni mocninnych funkci

© Rozdé&leni na vice jednodussich zlomkd

/x—I—de = / ﬁ—i—i dq::/ l—1—333_2 dx
2 2 z2 x

1n|m|+3-x—:ln|x|———|—c
-1 T

© Neryze lomenou racionalni funkci vZdy upravime na soulet polynomu a ryzi
racionalni lomené funkce (Zitatele vydélime jmenovatelem)

zt 9 1
_— = —1
/$2+1d:r /(x +a:2—|—1> dx

ZVMT lesnictvi
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P¥iklad (Zakladni vzorce a jednoduché upravy)

@ Vynasobeni mocninnych funkci

© Rozdé&leni na vice jednodussich zlomkd

/x—I—de = / ﬁ—i—i dq::/ l—1—333_2 dx
2 2 z2 x

1n|m|+3-x—:ln|x|———|—c
-1 T

© Neryze lomenou racionalni funkci vZdy upravime na soulet polynomu a ryzi
racionalni lomené funkce (Zitatele vydélime jmenovatelem)

3

x? 9 1 T
/mdx:/<x _1+x2+1> dng—x+arctgm+c

ZVMT lesnictvi
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Substituéni metoda

Véta (1. substituéni metoda, ¢t = p(z))

Necht funkce f(t) je spojitd na otevFeném intervalu I a funkce p(x) mad na
otevFeném intervalu J spojitou derivaci, pficemZ pro libovolné x € J je p(x) € I.
Pak je funkce f[p(x)]¢’(z) spojitd na J a na tomto intervalu plati

[ el @ o= [ s,

dosadime-Ii do vyrazu vpravo t = (x).

o Uvedenou substituci lze pouZit p¥i integrovani funkci typu
“slozend funkce f[p(x)] krat derivace vnitfni slozky této funkce ¢'(x)"
@ Prakticky provadime substituci tak, Ze vnit¥ni sloZku nahradime novou
promé&nnou (nap¥. t). Tedy |t = p(x) | a déle plati | dt = ¢/(z) dx |
o Je-li F primitivni funkce k funkci f, pak postup integrace vypada takto:
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Pf¥iklad (1. substitu€¢ni metoda)

Qo /sin(3x +2) dz
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Pf¥iklad (1. substitu€¢ni metoda)

t=3x+2
Q /sin(3x—|—2)d1:: dt = 3dx
dx:%dt
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Pf¥iklad (1. substitu€¢ni metoda)

t=3x+2 1
Q/sin(3x+2)d1:: dt = 3dz :g/sintdt
dw:%dt
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Pf¥iklad (1. substitu€¢ni metoda)

t=3x+2 1 1
0/sin(3x—|—2)d1:: dt =3dz :§/Sintdt:—§cost—|—c
dw:%dt
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Pf¥iklad (1. substitu€¢ni metoda)

t=3x+2 1 1
0/sin(3x—|—2)dm: dt =3dz :§/Sintdt:—§cost—|—c
dw:%dt

= —% cos(3z +2) +¢
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Pf¥iklad (1. substitu€¢ni metoda)

t=3x+2 1 1
0/sin(3x—|—2)dm: dt =3dz :§/Sintdt:—§cost—|—c
dw:%dt

= —% cos(3z +2) +¢

Q /sin2xcosx dz = /(sinx)Q'cosa: dx
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Pf¥iklad (1. substitu€¢ni metoda)

t=3x+2 1 1
0/sin(3x—|—2)dm: dt =3dz :§/Sintdt:—§cost—|—c
dw:%dt

= —% cos(3z +2) +¢

t =sinx
dt = cosx dz

Q /sin2xcosxda::/(sinx)2'cosxdx:‘
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Pf¥iklad (1. substitu€¢ni metoda)

t=3x+2 1 1
0/sin(3x—|—2)dm: dt =3dz :§/Sintdt:—§cost—|—c
dw:%dt

= —% cos(3z +2) +¢

t =sinx
dt = cosx dz

Q /sin2xcosxda::/(sinx)2'cosxdx:‘

:/ﬁ&
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Pf¥iklad (1. substitu€¢ni metoda)

t=3x+2 1 1
0/sin(3x—|—2)dm: dt =3dz :§/Sintdt:—§cost—|—c
dw:%dt

= —% cos(3z +2) +¢

. ] t: :
Qo /s1n2:rcosxda::/(smx)z'cosxdx:‘dt:cs;;lfdm
3
== +4c¢
3

:/ﬁ&
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Pf¥iklad (1. substitu€¢ni metoda)

t=3x+2 1 1
0/sin(3x—|—2)dm: dt =3dz :§/Sintdt:—§cost—|—c
dw:%dt

= —% cos(3z +2) +¢

t =sinx
dt = cosx dz

Q /sin2xcosxda::/(sinx)2'cosxdx:‘
3

_ﬁ+c_sin erc
T3 -3

:/ﬁ&
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Pf¥iklad (1. substitu€¢ni metoda)

t=3x+2 1 1
Q/sin(3x+2)dx: dt =3dz :§/Sintdt:—§cost—|—c
dw:%dt

= —% cos(3z +2) +¢

t =sinx
dt = cosx dz

Q /sin2xcosxdx:/(sinx)2'cosxdx:‘
3

_ﬁ+c_sin erc
T3 -3

:/f&
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Pf¥iklad (1. substitu€¢ni metoda)

t=3x+2 1 1
Q/sin(3x+2)dx: dt =3dz :§/Sintdt:—§cost—|—c
dw:%dt

= —% cos(3z +2) +¢

-2 _ . 2 - t=sinx _ 2
Q /sm xcosxda:—/(smx) Cosxdx_‘dt:coswdm —/t dt
_ﬁ+c_sin3a:+c
3 3
) t=1-—2?
e/x-elfz der =|dt = —2zdzx
xdx:—%dt
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Pf¥iklad (1. substitu€¢ni metoda)

t=3x+2
Qo /sin(3x—|—2)dx: dt = 3dz
dw:%dt

= —% cos(3z +2) +¢

Q /sin2xcosxdx:/(sinx)2'cosxdx:‘

_ﬁ+c_sin3a:+c
T3 -3
, t=1-—2?
e/x-elfz der =|dt = —2zdzx
xdx:—%dt

1/sintdt——lcost—i—c
3 3

t =sinx
dt = cosx dz

:/f&

1
:—E/etdt

Simona Fignarova (MENDELU)

Neurgity integral ZVMT lesnictvi

13 / 26



Pf¥iklad (1. substitu€¢ni metoda)

t=3x+2
Qo /sin(3x—|—2)dx: dt = 3dz
dw:%dt

= —% cos(3z +2) +¢

Q /sin2xcosxdx:/(sinx)2'cosxdx:‘

_ﬁ+c_sin3a:+c
T3 -3
, t=1-—2?
e/x-elfz der =|dt = —2zdzx
xdx:—%dt

1/sintdt——lcost—i—c
3 3

t =sinx
dt = cosx dz

:/f&

1 T
= 2/edt— 2e+c
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Pf¥iklad (1. substitu€¢ni metoda)

t=3x+2 1 1
Q/sin(3x+2)dx: dt =3dz :§/Sintdt:—§cost+c
dx:%dt

= —% cos(3z +2) +¢

-2 _ . 2 - t=sinx _ 2
Q /sm xcosxda:—/(smx) Cosxdm_‘dt:COSZL‘dI —/t dt
_ﬁ+c_sin3a:+c
3 3
t=1-—2?
~ 1 1 1, .
e/m-el z2dz: dt = —2x dx :—i/etdtz—iet—i—c:—iel 2—|—c
xdm:—%dt
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Pf¥iklad (1. substitu€¢ni metoda)

t=3x+2 1 1
Q/sin(3x+2)dx: dt =3dz :§/Sintdt:—§cost+c
dx:%dt

= —% cos(3z +2) +¢

-2 _ . 2 - t=sinx _ 2
Q /sm xcosxda:—/(smx) Cosxdm_‘dt:COSZL‘dI —/t dt
_ﬁ+c_sin3a:+c
3 3
t=1-—2?
~ 1 1 1, .
e/m-el z2dz: dt = —2x dx :—i/etdtz—iet—i—c:—iel 2—|—c
xdm:—%dt

Q /xs-\/x“—kldx
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Pf¥iklad (1. substitu€¢ni metoda)

t=3x+2 1 1
Q/sin(3x+2)dx: dt =3dz :§/Sintdt:—§cost+c
dx:%dt

= —% cos(3z +2) +¢

-2 _ . 2 - t=sinx _ 2
Q /sm xcosxda:—/(smx) Cosxdm_‘dt:COSZL‘dI —/t dt
_ﬁ+c_sin3a:+c
3 3
t=1-—2?
1 1 -
e/x-elfﬁdz: dt = -2z dz :—i/etdtz—%et—i—c:—iel zz—i—c
xdm:—%dt
t=z"+1
o/x3~\/1’4—|—1dx: dt = 42° dz
m3dw:idt
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Pf¥iklad (1. substitu€¢ni metoda)

t=3x+2 1 1
Q/sin(3x—|—2)dx: dt =3dz :§/Sintdt:—§cost+c
dx:%dt

= —% cos(3z +2) +¢

-2 _ . 2 - t=sinx _ 2
Q /sm xcosxda:—/(smx) Cosxdm_‘dt:COSZL‘dI —/t dt
_ﬁ+c_sin3a:+c
3 T3
t=1-—2?
1 _
e/x-elfﬁdz: dt = -2z dz :—i/etdtz—%et—i—c:—%el zz—i—c
xdm:—%dt
t=x*+1 1
°/x3~\/1’4+1dx: dt = 42° dz :i/ﬁdt
dew:idt
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Pf¥iklad (1. substitu€¢ni metoda)

t=3x+2 1 1
Q/sin(3x—|—2)dx: dt =3dz :§/Sintdt:—§cost+c
dx:%dt

= —% cos(3z +2) +¢

. 2 - . 2 - t =sinx . 2
Q /sm xcosxda:—/(smx) Cosxdm_‘dt:COSZL‘dI —/t dt
_ﬁ+c_sin3a:+c
T3 -3
t=1-—2?
1 _
9 z- e dr=|dt = -2z da| = —= etdtz—let—i—c:—le1 zz—i—c
1 2 2 2
rdr = —5dt
t=x*+1 1 1 .
°/x3~\/1’4—|—1dx: dt = 42° dz :7/\/idt:7/t5dt
3 1 4 4
z°dr = 3 dt
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Pf¥iklad (1. substitu€¢ni metoda)

t=3x+2 1 1
Q/sin(3x—|—2)dx: dt =3dz :§/Sintdt:—§cost+c
dx:%dt

= —% cos(3z +2) +¢

-2 _ . 2 - t=sinx _ 2
Q /sm xcosxda:—/(smx) Cosxdm_‘dt:COSZL‘dI —/t dt
_ﬁ+c_sin3a:+c
3 3
t=1-—2?
~ 1 1 1, .
e/m-el z2dz: dt = —2x dx :—i/etdtz—iet—i—c:—iel 2+c
xdm:—%dt
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Pf¥iklad (1. substitu€¢ni metoda)

t=3x+2 1 1
Q/sin(3x—|—2)dx: dt =3dz :§/Sintdt:—§cost+c
dx:%dt

= —% cos(3z +2) +¢

-2 _ . 2 - t=sinx _ 2
Q /sm xcosxdaz—/(smx) Cosxdm_‘dt:coswdm —/t dt
_i+c_sin3a:+c
3 3
t=1-—2?
~ 1 1 1, .
e/m-el z2dz: dt = —2x dx :—E/etdtz—iet—i—c:—iel 2+c
xdm:—%dt
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Pf¥iklad (1. substitu€¢ni metoda)

t=3x+2 1 1
Q/sin(3x—|—2)dx: dt =3dz :§/Sintdt:—§cost+c
dx:%dt

= —% cos(3z +2) +¢

-2 _ . 2 - t=sinx _ 2
Q /sm xcosxdaz—/(smx) Cosxdm_‘dt:coswdm —/t dt
_i+c_sin3a:+c
3 3
t=1-—2?
~ 1 1 1, .
e/m-el z2dz: dt = —2x dx :—E/etdtz—iet—i—c:—iel 2+c
xdm:—%dt
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Integrace funkce s linearni vnitini slozkou

Necht F' je primitivni funkce k funkci f na intervalu I. Pak pro axz + b € I plati

/f(ax-kb)dm:iF(ax—}—b)—i—c.
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Integrace funkce s linearni vnitini slozkou

Necht F' je primitivni funkce k funkci f na intervalu I. Pak pro axz + b € I plati

/f(afv-i-b)dm:iF(ax—}—b)—i—c.

Priklad
/sin(fm +1)dz
t=5x+1 1 1
@ Substituci: /sin(59: +1)de=|dt=5dz| = /sint dt = —=cost+c=
de = 1 5 5

—é cos(bz+1)+¢

@ Pomoci vzorce z pfedchozi véty: ax + b =5z + 1

f(z) =sin(z) = F(z) = —cosz
f(az +b) =sin(bz + 1) = F(ax + b) = — cos(bz + 1)

= /sin(5m +1)dx = —é cos(bx + 1)+ ¢

Simona Fignarova (MENDELU) Neur&ity integral ZVMT lesnictvi



Priklad

Q /cos 2z dx
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Priklad

1
Q /cos2xdx = isian—i—c
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Priklad

1
Q /cos2xdx = isian—i—c

(2] /(3—5:1:)6dx
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Priklad

1
(1] /cos2xdx = isian—i—c

(2 /(3—5x)6dx: _%.;(3_550)7

Simona Fisnarova (MENDELU) Neurity integral ZVMT lesnictvi 15 / 26



Priklad

1
Q /cos2xdx = isian—i—c

1 1 1
(2] /(3—5%)6(131‘:—3-?(3—550)7:—%(3—556)74-6
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Priklad

1
Q /cos2xdx = isian—i—c

1 1 1
(2] /(3—51)6dx:—3~?(3—5x)7:—£(3—5x)7+c

1
° /2m—3dx
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Priklad

1
Q /cos2xdx = isian—i—c

1 1 1
(2] /(3—51)6dx:—3~?(3—5x)7:—£(3—5x)7+c

1 1
=—1In|2z —
0/2m_3dx 2n|av 3| +c

Simona Fisnarova (MENDELU) Neurity integral

ZVMT lesnictvi
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Priklad

1
Q /cos2xdx = isian—i—c

1 1 1
(2] /(3—51)6dx:—3~?(3—5x)7:—£(3—5x)7+c

1 1
=—1In|2z —
0/2m_3dw 2n|av 3| +c

Qo /62736 dx
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Priklad

1
Q /cos2xdx = isian—i—c

1 1 1
(2] /(3—51)6dx:—3~?(3—5x)7:—£(3—5x)7+c

1 1
=—1In|2z —
0/2m_3dw 2n|av 3| +c

(%) /62736 do=—e>""+c

Simona Fisnarova (MENDELU) Neurity integral

ZVMT lesnictvi

15 / 26



Priklad

1
Q /costdx = isian—i—c

11 1
o /(3—5x)6dx:—3~?(3—5x)7:—£(3—5x)7+c

1 1
=—1In|2z —
0/2m_3dx 2n|av 3| +c

(%) /62736 do=—e>""+c

Q /singdm
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Priklad

1
Q/COSQxdxzisian—i—c
] / 5 (3 52)7 = ! (3—52)" +
- - —(3 — c
2 5 7 AT *

1
:§1n|2x—3|—|—c

(%) /62736 do=—e>""+c

1
Q /singdmz/sin <§x> dx:—QCOSg—i—c

Simona Fignarova (MENDELU) Neur&ity integral ZVMT lesnictvi



Priklad

1
0/cos2xdx:§sin2x+c
6/35 (3 52)7 = 1(3 5z)7 +
* 5 7 AT FrTe

1
:§1n|2x—3|—|—c

(%) /62736 do=—e>""+c

. . 1 T
Q /81n§dx—/51n<§x> dx——QCosi—i—c

P¥iklady lze Yesit substitucemi:

t=2x,t=3—5x,t:2x—3,t:2—x,t=g

Simona Fignarova (MENDELU) Neur&ity integral ZVMT lesnictvi
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Derivace jmenovatele v &itateli

t=f(z)
dt = f/(x) dz

[ 7o e

1
:/¥dt:1n|t|+c:ln|f(x)|+c

7@
= /f(a:) dz =In|f(z)|+¢

Simona Fisnarova (MENDELU) Neurity integral ZVMT lesnictvi 16 / 26



Derivace jmenovatele v &itateli

[18 4|, i
f(z) dt = f/(x) dz

|

:/¥dt:1n|t|+c:ln|f(x)|+c

7@
= /f(a:) dz =In|f(z)|+¢

Priklad

2x
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Derivace jmenovatele v &itateli

[18 4|, i
f(z) dt = f/(x) dz

|

:/¥dt:1n|t|+c:ln|f(x)|+c

7@
= /f(a:) dz =In|f(z)|+¢

Priklad

2x
Q /x2—_3dx:1n|m2—3‘+c
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Derivace jmenovatele v &itateli

f t=flz) |_ _
() /t Injt|+c=n|f(z)|+c

== B
—
NG

e .
|
o,
~

|

|
8 'y )
a. 3
8

| d
| =
Q.

~

Il

|

5

f'(x)

—

— In|f(z)| + ¢

Priklad

2x
Q /x2—_3dx:1n|x2—3‘+c

e/$2—3
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Derivace jmenovatele v &itateli

(184, =1
f(z) dt = f/(x) dz

|

:/¥dt:1n|t|+c:ln|f(x)|+c

7@
= /f(a:) dz =In|f(z)|+¢

Priklad

2x
Q /x2—_3dx:1n|x2—3‘+c

3x 3 2x
e/m2—3dx_§/x2—3dx
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Derivace jmenovatele v &itateli

(184, =1
f(z) dt = f/(x) dz

|

:/¥dt:1n|t|+c:ln|f(x)|+c

7@
= /f(a:) dz =In|f(z)|+¢

Priklad

2x
Q /x2—_3dx:1n|x2—3‘+c

3z 3 [ 2 3. .,
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Derivace jmenovatele v &itateli

|

file) | t=f(z) |_ _ _
/f(x) dz = dt = f'(z) dw _/¥dt_ln|t|+c—ln|f(x)|+c
= /J;/((;c)) dz =In|f(z)|+¢
Priklad

2z 2
o/md$:1n|$ —3‘+C
3z 3 [ 2 3. .,

-3
Q /tg:z:d:z:
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Derivace jmenovatele v &itateli

|

fll@) o | t=f=) |_ _ _
/f(x) o= A _/¥dt_ln|t|+c_ln|f(a:)|+c
= /J;/((;c)) dz =In|f(z)|+¢
Priklad

2x
Q /x2—_3dx:1n|x2—3‘+c

3z 3 [ 2 3. .,

Q /tgxdx:/smx dx
Ccos T
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Derivace jmenovatele v &itateli

[18 4|, i
f(x) dt = f/(x) dz

|

:/¥dtzln|t|+c:ln|f(a:)|+c

7@
= /f(a:) dz =In|f(z)|+¢

Priklad

2x
Q /x2—_3dx:1n|x2—3‘+c

3z 3 [ 2 3. .,

o /tgxdx:/smx dx:—/_smxdx
cosx CosS T

Simona Fignarova (MENDELU) Neur&ity integral ZVMT lesnictvi
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Derivace jmenovatele v &itateli

[18 4|, i
f(z) dt = f/(x) dz

|

:/¥dtzln|t|+c:ln|f(a:)|+c

7@
= /f(a:) dz =In|f(z)|+¢

Priklad

2x
Q /x2—_3dx:1n|x2—3‘+c

3z 3 [ 2 3. .,

Q tgx dr = Smzdx:— _Smxdxz—ln cosz|+ ¢
g

COS T COS T
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Derivace jmenovatele v &itateli

[18 4|, i
f(z) dt = f/(x) dz

|

:/¥dtzln|t|+c:ln|f(a:)|+c

7@
= /f(a:) dz =In|f(z)|+¢

Priklad

2x
Q /x2—_3dx:1n|x2—3‘+c

3z 3 [ 2 3. .,

Q tgx dr = Smzdx:— _Smxdxz—ln cosz|+ ¢
g

COS T COS T

Q / cotgr dx
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Derivace jmenovatele v &itateli

[18 4|, i
f(z) dt = f/(x) dz

|

:/¥dtzln|t|+c:ln|f(x)|+c

7@
= /f(a:) dz =In|f(z)|+¢

Priklad

2x
Q /x2—_3dx:1n|x2—3‘+c

3z 3 2z 3 9

Q tgx dr = Smzdx:— _Smxdxz—ln cosz|+ ¢
g

COS T COS T

Q /cotgaz dm:/c?sw dx
sinx
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Derivace jmenovatele v &itateli

[18 4|, i
f(z) dt = f/(x) dz

|

:/¥dtzln|t|+c:ln|f(x)|+c

7@
= /f(a:) dz =In|f(z)|+¢

Priklad

2x
Q /x2—_3dx:1n|x2—3‘+c

3z 3 2z 3 9

Q tgx dr = Smzdx:— _Smxdxz—ln cosz|+ ¢
g

COS T COS T

Qo /cotgmdm:/c?sxdw:1n|sinw|+c
sinz
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Integrace goniometrickych funkci

Integral typu /R(Sin x,cosx) dz, kde R je raciondlni lomend funkce, Ize

specidlnimi substitucemi prevést na integral z raciondini lomené funkce. Zejména,
je-li mozné psat integral ve tvaru:

() /R(sin x) cosx dz = volime substituci t = sinz

o /R(cos x)sinz dz = volime substituci ¢t = cos =

Poznamka

| A

sinzcos?z cos®z+ 1

o P¥iklady funkci typu R(sinx,cosx) : — , —
sin“ x + cos sin” x
sinx +2 2sinz

sin?z ’ sinz —1

o P¥iklady funkei typu R(sinz) :

COS T cos? x + cosx
cos2z+3"  cosx+1

o P¥iklady funkei typu R(cosz) :
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Priklad

sinx cos x
o,
sin“x + 2
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Priklad

sinx cos x sinx
Q—dI: ?COS.’L'CL’L'
sin“x + 2 sin“x + 2
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Priklad

sin x cos x sinz t=sinx
Q—dI: ?COS.’L'CL’L':
sin”x + 2 sin®z + 2 dt = cosx dz
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Priklad

sinx cos x sinx t=sinx
o /dez/?cosmdx:
sin”x + 2 sin®z + 2 dt = cosx dz

t
= [ 5——=dt
/t2+2

Simona Fignarova (MENDELU) Neur&ity integral ZVMT lesnictvi 18 / 26



Priklad

o/

sinx cos x sinx
de:/ — cosz dr =
sin“x + 2 sin“x + 2

1 2t

— [ ——dt

2/t2+2

t=sinz
dt = cosx dx

B t
) 242

dt

Simona

Fisnarova (MENDELU)

Neur&ity integral

ZVMT lesnictvi
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Priklad
sinx cos x
° [T
sin®x + 2

_1/ 2
)

sinx

dxz/

12 +2 2

sin®x + 2

cosxdxr = ‘

1
dt = —In(t* +2) +¢

t=sinz
dt = cosx dx

B t
) 242

dt

Simona Fignarova (MENDELU)

Neur&ity integral

ZVMT lesnictvi
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Priklad

sinx cos x sinx t=sinx
o /deZ/Tcosmdx:
sin”x + 2 sin®z + 2 dt = cosx dz

t
= [ 5——=dt
/t2+2

1 2t 1 1
:i/mdt:iln(t2+2)+c:Eln(sin2m+2)+c
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Priklad

sinx cos x sinx t=sinz
Q ———dor= | ———cosxdz =

sin®x + 2

1 2t
= dt =
2/t2+2

sinz
o [
cos

sin®x + 2

1
;I n(t?+2)+c=

dt = cosx dx

1
=3 In(sin®z +2) + ¢

B t
) 242

dt

Simona Fignarova (MENDELU)
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ZVMT lesnictvi
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Priklad

sinx cos x sinx t=sinx
o /deZ/Tcosxdx:
sin”x + 2 sin®z + 2 dt = cosx dz

t
= [ 5——=dt
/t2+2

1 [ 2t 1, 1,
_2/t2+2dt 21 n(t“+2)+c Eln(sm z+2)+c¢

sinx 1 .
Q 5, 5 sinz dz
cos cos> x
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Priklad

o/

o/

sinx cos x
sin®x + 2

1/2t
2

t2+2
SlIl.'Z?

cosS x

dr — sin cos 2 da — t=sinz
) sin?z+2 " |dt =coszdzx
1 9 1 . 9
dt = 2l(t +2)+¢ Eln(sm x+2)+c
1 t =cosx
/ 3 sinzdr = |dt = —sinx dzx
cos? x

sinxdr = —dt

_ t
) 242

dt

Simona Fignarova (MENDELU)
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ZVMT lesnictvi
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Priklad

o/

o/

sinmcosmd / sinx q t=sinx
——dx = cosz dx =
sin®z + 2 sinz 4+ 2 dt = cosx dzx
1 2t 1 9 1 . 9
2/t2+2dt 2l(t +2)+c Eln(sm z+2)+c¢
in o 1 t =cosx
/ sinzxdr =|dt = —sinz dz| =
cosS x cos3 x

sinxdr = —dt

1
[ La

_ t
) 242

dt

Simona Fignarova (MENDELU)
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Priklad

sinx cos x sinx t=sinx
o /deZ/Tcosxdx:
sin”x + 2 sin®z + 2 dt = cosx dz

t
= [ ——adt
/t2+2

1 2t 1 1
= / dt = ~In(t* +2) + ¢ =3 In(sin®z +2) + ¢

T2/ 212 +2 2
sinx 1 t=cosx 1
Q / sinzdr = |dt = —sinx dzx :—/—dt
cosS x cos3 x t3

sinxdr = —dt

:—/t‘3dt
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Priklad

sinx cos x sinx t=sinx
o /deZ/Tcosxdx:
sin”x + 2 sin®z + 2 dt = cosx dz

t
= [ ——adt
/t2+2

1 2t 1 1
= / dt = ~In(t* +2) + ¢ =3 In(sin®z +2) + ¢

T2/ 212 +2 2
sinx 1 t=cosx 1
Q / sinzdr = |dt = —sinx dzx :—/—dt
cosS x cos3 x t3

sinxdr = —dt

:—/t_3dt:—i+c
-2
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Priklad

o/

o/

sinx cos x sinx t=sinx
2—de ?COS(IJCL’L':
sin” x + 2 sin” x + 2 dt = cosx dzx

1 2t 1 1
/ dt = ~In(t* +2) + ¢ §ln(sin2m+2)+c

T2/ 212 2
sinx 1 t=cosx 1
/ sinzdr = |dt = —sinx dzx :—/—dt
cosS x cos3 x t3

sinxdr = —dt

2 1
=—/t—3dt ——+c=—+c

-2 22

_ t
) 242

dt

Simona
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Priklad

o/

o/

sinx cos x sinx t=sinx
2—de ?COS(IJCL’L':
sin” x + 2 sin” x + 2 dt = cosx dzx

1 2t 1 1
/ dt = ~In(t* +2) + ¢ §ln(sin2m+2)+c

T2/ 242 2
sinx 1 t=cosx 1
/ sinezdr =|dt = —sinz dx :—/—dt
cos® x cos® x . . 3
sinxdr = —dt
t—2 1 1
=— [t3dt=—"— -
/ -2 te= 212 te ~ 2cos?

_ t
) 242

dt

Simona
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Priklad

sinx cos x sinx t=sinz
Q ———dr= [ —5——coszdr =
sin“x + 2

dt = cosx dx

sin®x + 2

1 2t 1 1
= / dt = ~In(t* +2) + ¢ =3 In(sin®z +2) + ¢

T2/ 242 2
sinx 1 t=cosx 1
Q sinezdr =|dt = —sinz dx :—/—dt
cos® x cos® x . . 3
sinxdr = —dt
t—2 1 1
=— [t3dt=—"— -
/ 2—|—c 2t2+ 2cos? x
sin® z
° (*) /cosx—i—?;

_ t
) 242

dt
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Priklad

sinx cos x sinx t=sinx
Q /de:/—cosxdx:
sin“x + 2

dt = cosx dx

sin®x + 2

1 2t 1 1
= / dt = ~In(t* +2) + ¢ =3 In(sin®z +2) + ¢

T2/ 212 +2 2
sinx 1 t=cosx 1
Q sinzdr = |dt = —sinx dzx :—/—dt
cos® x cos® x . . 3
sinxdr = —dt
t—2 1 1
=— [t3dt=—"— -
/ -2 o= 212 te ~ 2cos?

o [

sin® z sinz .
———dz= | ————sinxzdz
cosz + 3 cosx + 3

B t
) 242

dt
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Priklad

o /sinmcosmdx_/ sinx cosz de — t=sinx _/ t
sin?z + 2 ) sin?x 42 T |dt=coszdx| | 2+2
1 2t 1 9 1 L
_2/t2+2dt 2l(t +2)+ §ln(sm T+2)+c

t =cosx

. 1 )
Qo / iated dx:/ sinzdr = |dt = —sinx dzx :—/—dt
cosS x cos3 x . t3

sinxdr = —dt

2 1 1
=—/t—3dt ———tc=——te= ——

-2 22 T 2costz

sin® z sinz 1—cos’z .
Q@ (%) | ———dz=| ——sinzdr= | ——— sinzdx

cosz + 3 cosx + 3 cosz + 3

dt
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Priklad

sinx cos x sinx t=sinx
Q ———dor= | ———cosxdz =

t
= | 5——=dt
/t2+2

sin®z + 2 sinz 4+ 2 dt = cosx dzx
1 [ 2 1, 1,
_2/t2+2dt 2l(t +2)+ §ln(sm T+2)+c

t =cosx

i 1 1
Q / S L dx:/ sinzdr = |dt = —sinx dzx :—/—dt
cosS x cos3 x . t3

sinxdr = —dt

2 1 1
=—/t—3dt ———tc=——te= ——

-2 22 T 2costz

sin® z sinz 1—cos’z .
Q@ (%) | ———dz=| ——sinzdr= | ——— sinzdx

cosz + 3 cosx + 3 cosz + 3

t =cosx
dt = —sinz dx
sinxzdr = —dt
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Priklad

sinx cos x sinx t=sinx
Q ———dor= | ———cosxdz =

t
= | 5——=dt
/t2+2

sin®z + 2 sinz 4+ 2 dt = cosx dzx
1 [ 2 1, 1,
_2/t2+2dt 2l(t +2)+ §ln(sm T+2)+c

t =cosx

i 1 1
Q / S L dx:/ sinzdr = |dt = —sinx dzx :—/—dt
cosS x cos3 x . t3

sinxdr = —dt

2 1 1
=—/t—3dt ———tc=——te= ——

-2 22 T 2costz

sin® z sinz 1—cos’z .
Q@ (%) | ———dz=| ——sinzdr= | ——— sinzdx

cosz + 3 cosx + 3 cosz + 3
t:cc.)sx 21

dt = —sinz dx| = T3 dt

sinxzdr = —dt +
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Priklad

sinx cos x sinx t=sinx
Q ———dor= | ———cosxdz =

t
= [ ——dt
/t2+2

sin®z + 2 sinz 4+ 2 dt = cosx dzx
1 [ 2 1, 1,
_2/t2+2dt 2l(t +2)+ §ln(sm T+2)+c

t =cosx

i 1 1
Q / S L dx:/ sinzdr = |dt = —sinx dzx :—/—dt
cosS x cos3 x . t3

sinxdr = —dt

2 1 1
=—/t—3dt ———tc=——te= ——

-2 22 T 2costz

.. 3 .2 2
sin” x sin® x 1 —cos“x
— "~ _ginzdr= [ —— “sinzd
° (*)/cosx+3dm /cosx+3smx v /cosx—i—S s ae
t =cosz 2
dt = —sinz dx :/t 1dt:/ t—3—|—i dt
t+3 t+3

sinxzdr = —dt
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Priklad

sinx cos x sinx t=sinx
Q ———dor= | ———cosxdz =

t
= [ ——dt
/t2+2

sin®z + 2 sinz 4+ 2 dt = cosx dzx
1 [ 2 1, 1,
_2/t2+2dt 2l(t +2)+ §ln(sm T+2)+c

t =cosx

i 1 1
Q / S L dx:/ sinzdr = |dt = —sinz dz :—/—dt
cosS x cos3 x . t3

sinxdr = —dt

2 1 1
=—/t—3dt ———tc=——te= ——

-2 22 T 2costz

sin® z sinz 1—cos’z .
Q@ (%) | ———dz=| ——sinzdr= | ——— sinzdx

cosz + 3 cosx + 3 cosz + 3
2
:/tt 3dt /(t—3—|—i) dt
sinxzdr = —dt + t+3
2

5—3t+8ln|t—|—3|—|—c

t =cosx
dt = —sinz dx
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Priklad

o /sinmcosxd / sinx q t=sinx / t
———da = cosxdxr = = [ ——
sin?z + 2 sin®x + 2 dt = cosx dx 12 42

1 2t 1 9 1 . 9
_2/t2+2dt 2l(t +2)+ §ln(sm r+2)+c
sinx 1 t=cosx 1
9/ 9::/ sinzdr = |dt = —sinz dz :—/—dt
cos® x cos® x . . 3
sinxdr = —dt
t—2 1 1
=— [t3dt=—"— -
/ -2 o= 212 te ~ 2cos?
sin® z sin®x . 1—cos’z .
° (*) /cosx—i—?; m—/cosx+3smacdm—/ cosz + 3 sina dz
t =cosx 2 8
= |dt = —sinxz dx :/t 3diﬁ /(t—3—|—7) dt
sinxzdr = —dt + t+3
t? cos? z

T - 3t+8m|t+3+c=

—3cosz +8In|cosz + 3|+ ¢

dt
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Véta (2. substituéni metoda, x = (t))

Necht funkce f(x) je spojitd na otevieném intervalu I a funkce p(t) md na
otevieném intervalu J spojitou nenulovou derivaci, pFicemZ o(J) = I (tj. ¢
zobrazuje interval J na interval I). Potom na intervalu I plati

[ 1@t = [ el @ ar

dosadime-li do vyrazu vpravo t = ¢~ 1(z), kde o1 je inverzni funkce k funkci ¢

° Prakticky provédl’me substituci tak ie do funkce f vloil’me vnit¥ni sloiku

vvvvvv

integrovam takové funkce v nékterych konkrétnich p¥ipadech Jednodu55|.
@ Postup integrace vypada takto:

/f ‘dx— dt' /f dt = F(t) +c=Flp~'(z)] + ¢}

kde F(t) je primitivni funkce k funkci fp(t)]¢’(t).
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Integrace iracionalnich funkci

Integral typu

/R(x, Vazx +b, ¥ax +b,...)dr,
kde R je raciondlni lomena funkce, Ize substituci
t = vax +0b, kde s je nejmensi spole¢ny ndsobek &isel ni,ns,...

prevést na integral z racionalni lomené funkce.

Substituci provddime nasledovné:

t=+Vaxr+b=—=ax+b=1t°

z= -t —

1
de = =st* ' dt
a
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Priklad

T
—d
° /\/az—i—l *
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Priklad

o T r+l=z=1>-1
NCES dr =2t dt
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Priklad

z =V rli=az=t2-1] t? -1
9/ m+1dx_‘ dez =2t dt ’_/ t 2tdt
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Priklad

z =V rli=az=t2-1] t? -1
9/ m+1dx_‘ dez =2t dt ’_/ t 2tdt

:2/(t2—1)dt
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Priklad

T =V rli=az=t2-1] t? -1
9/ m+1dx_‘ dez =2t dt ’_/ t 2tdt

:2/(t2—1)dt:2<§—t>+c
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Priklad

T =V rli=az=t2-1] t? -1
9/ x+1dx_‘ dez =2t dt ’_/ t 2tdt

:2/(t2—1)dt:2<§—t>+c:§(\/x+1)3—2\/ﬂc+1+c
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Priklad
T

0/ z+1
:2/@W—U&

° [ i

dx =

r+1l=c=t>2-1

t=
de =2t dt

2 -1

2t dt

/

3
=2<%—t>+c=§(\/x+1)3—2\/x_+1+c

Simona Fignarova (MENDELU)

Neuréity integral

ZVMT lesnictvi

21/ 26



P¥iklad
1 r r+l=z=t2-1
xz+1 dr =2t dt

dw:‘t:

2 -1

2t dt

/

:2/(t2—1)dt:2<§—t>+c:§(\/x+1)3—2\/x+1+c

t=\z=x=1
de =2tdt

°/ﬁdx:\
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Priklad

T =V rli=az=t2-1] 2 -1
°/ m+1dx_‘ do = 2t dt ’_/ pootd

:2/(t2—1)dt:2<§—t>+c:§(\/x+1)3—2\/x+1+c

2 _t=vE=a=1¢
e/\/i(:pﬂ)dx_‘ de = 2t dt

=/L2tdt
t(t2+1)
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Priklad

T =V rli=az=t2-1] 2 -1
°/ m+1dx_‘ do = 2t dt ’_/ pootd

:2/(t2—1)dt:2<§—t>+c:§(\/x+1)3—2\/x+1+c

2 _t=vE=a=1¢
e/\/i(:pﬂ)dx_‘ de = 2t dt

1
=4[ ———dt
4/t2+1

=/L2tdt
t(t2+1)
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Priklad

T =V rli=az=t2-1] 2 -1
°/ m+1dx_‘ do = 2t dt ’_/ pootd

:2/(t2—1)dt:2<§—t>+c:§(\/x+1)3—2\/x+1+c

2 _t=vE=a=1¢
e/\/i(ﬁl)dx_‘ de =2t dt

1
:4/mdt:4arctgt+c

=/L2tdt
t(t2+1)
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Priklad

T =V rli=az=t2-1] 2 -1
°/ m+1dx_‘ do = 2t dt ’_/ pootd

3
:2/(t2—1)dt:2<%—t>+c:§(\/x+1)3—2\/x+1+c
2 t=yVr=a=12 2
f dz= = [ ———2tdt
° /\/E(x—kl) dr ‘ de = 2t dt /t(t2+1)

1
:4/mdt = 4arctgt + c = darctg\/T + ¢
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Priklad

T =V rli=az=t2-1] 2 -1
o/ dex_‘ do = 2t dt ’_/ pootd

:2/(t2—1)dt:2<§—t>+c:§(\/x+1)3—2\/x+1+c

2 t=yVr=a=12 2
° /\/5(5E+1) v ‘ dz =2tdt /t(t2+1)

1
:4/mdt = 4arctgt + c = darctg\/T + ¢

9/%&@
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Priklad

2t dt

‘t— m+1:>a::t2—1’ _/t2—1

«/ac—I— de =2t dt

:2/(t2—1)dt:2<§—t>+c:§(\/x+1)3—2\/x+1+c

2 2
° /\/E(x—&-l) v /t(t2+1)
1
:4/t2+1 dt = 4arctgt + c = 4arctg\/T + ¢

t=\z=x=1
de =2tdt

_|t=Vr=a=t°
dz = 6t° dt

e/\/_+1
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Priklad

2t dt

‘t— m+1:>a::t2—1’ _/t2—1

«/ac—I— de =2t dt

:2/(t2—1)dt:2<§—t>+c:§(\/x+1)3—2\/x+1+c

2 2
° /\/E(x—&-l) v /t(t2+1)
1
:4/t2+1 dt = 4arctgt + c = 4arctg\/T + ¢

t=\z=x=1
de =2tdt

_|t=Va=ma=1°
dr = 6t° dt

t
6t° dt
\/’+1 /t2+1
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Priklad

2t dt

‘t— m+1:>a::t2—1’ _/t2—1

«/ac—I— de =2t dt

:2/(t2—1)dt:2<§—t>+c:§(\/x+1)3—2\/x+1+c

2 2
L S pop = [ —= _2tdt
° /\/E(x—&-l) v /t(t2+1)
1
:4/t2+1 dt = 4arctgt + c = 4arctg\/T + ¢

£ 6t5dt—6/ a dt
241 241

t=\z=x=1
de =2tdt

_|t=va=ma=1% _
dz = 6t° dt

\/’+1
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Priklad

2t dt

‘t— m+1:>a::t2—1’ _/t2—1

«/ac—I— de =2t dt

:2/(t2—1)dt:2<§—t>+c:§(\/x+1)3—2\/x+1+c

2 2
L S pop = [ —= _2tdt
° /\/E(x—&-l) v /t(t2+1)
1
:4/t2+1 dt = 4arctgt + c = 4arctg\/T + ¢

£ 6t5dt—6/ a dt
241 241

t=\z=x=1
de =2tdt

_|t=va=ma=1% _
\/_+1 dz = 6t° dt

1
— 6 4 2
—6/<t —t +t—1+m) dt
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Priklad

2t dt

‘t— m+1:>a::t2—1’ _/t2—1

«/ac—I— de =2t dt

:2/(t2—1)dt:2<§—t>+c:§(\/x+1)3—2\/x+1+c

_/L%dt
t(t2+1)

1
:4/t2+1 dt = 4arctgt + c = 4arctg\/T + ¢

£ 6t5dt—6/ a dt
241 241

2 _|t=vr=a=1t
9/\/5(95+ do = ‘ dz = 2t dt

_|t=va=ma=1% _
dz = 6t° dt

\/’+1

4 o 1 A R
=6 —tt 4t —1—|— 71 dt=6|—-— =+ - —t+arctgt | +c¢

T 5 3
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Priklad

2t dt

‘t— m+1:>3::t2—1’ _/t2—1

«/ac—I— de =2t dt

:2/(t2—1)dt:2<§—t>+c:§(\/x+1)3—2\/x+1+c

_/L%dt
t(t2+1)

1
:4/t2+1 dt = 4arctgt + c = 4arctg\/T + ¢

2 _|t=vr=a=1t
9/\/5(95+ do = ‘ dz = 2t dt

t=r=1x=1° t3 18
\/’+1 ' d\a{_—6t5dt /t2 16t5dt_6/ RN
:6/< t4+t2—1+ ! )dt—6<i—ﬁ+ﬁ—t+ar0tgt)+c
241 7 5 3
_6Va” 6\/_
7
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Metoda per partes

Véta (Integrovani metodou per partes (po &astech))

Necht funkce u a v maji spojité derivace na intervalu I. Pak na intervalu I plati

@ Metoda per partes je vlastn& pfepsané pravidlo pro derivaci sou¢inu dvou
funkci.
© Abychom mohli pouZit vzorec pro integraci per partes, musime
o zderivovat funkci u,
o zintegrovat funkci v’. To miZe byt viak problém!!!
Navic, aby pouZiti metody mé&lo smysl, by m&l byt souéin w'v (v integrdlu na
pravé stran&) “snadnéji zintegrovatelny” neZ pivodni uv’.
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Typy integralti vhodné pro pouZiti metody per partes

Necht P je polynom.

Qo
/P(m)e““‘b dz, /P(m) sin(az + b) dz, / P(z) cos(ax + b) dx
V téchto p¥ipadech derivujeme polynom, druhou funkci integrujeme. P¥itom
metodu aplikujeme tolikrat, kolik je stuperi polynomu.
(2

/P(:c) In" (az +b) dz
/P(m)arctg(ax +b) dz, /P(m)arccotg(ax +b)dz
/P(:E) arcsin(az + b) d /P ) arccos(ax + b) dz

V téchto p¥ipadech naopak integrujeme polynom, druhou funkci derivujeme.
Toto zahrnuje zejména i p¥ipady, kdy P(z) =
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Ptiklad (Per partes — derivace polynomu)

Qo /mcosxdx
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Ptiklad (Per partes — derivace polynomu)

u=x v =cosx
v =1 v=sinz

Qo /mcosxdx =
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Ptiklad (Per partes — derivace polynomu)

u=x v =cosx
v =1 v=sinz

Qo /mcosxdx =

=zsinx — /sinmdm
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Ptiklad (Per partes — derivace polynomu)

u=x v =cosx
v =1 v=sinz

Qo /xcosacdac =

=xsinx +cosx + ¢

=zsinx — /sinmdm
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P¥iklad (Per partes — derivace polynomu)

u=x v =cosx
v =1 v=sinz

Qo /xcosacdac =

=xsinx +cosx + ¢

=zsinx — /sinmdm

o /(ar:2 + e *dz
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P¥iklad (Per partes — derivace polynomu)

u=x v =cosx
v =1 v=sinz

Qo /xcosacdac =

=xsinx +cosx + ¢

=zsinx — /sinmdm

u=a2>+1 v =e"
u =2z

(2] /(ar:2 + e *de =
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P¥iklad (Per partes — derivace polynomu)

u=x v =cosx
v =1 v=sinz

Qo /mcosxdx =

=xsinx +cosx + ¢

=zsinx — /sinmdm

u=2z241 v =e"
o =2z v=—e %

(2] /(31:2 + e *de =

— (x2 +1)(—e™") — /21‘(—6796) dx
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P¥iklad (Per partes — derivace polynomu)

u=x v =cosx
v =1 v=sinz

Qo /mcosacdac =

=xsinx +cosx + ¢

=zsinx — /sinmdm

u=2z241 v =e"
o =2z v=—e"

(2] /(x2 + e *de =

x

— (x2 +1)(—e™") — /21‘(—6796) dx

= —e (2 4+ 1)+ 2/:176_3C dz
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P¥iklad (Per partes — derivace polynomu)

u=x v =cosx
v =1 v=sinz

Qo /mcosacdac =

=xsinx +cosx + ¢

=zsinx — /sinmdm

u=2z241 v =e"
o =2z v=—e"

(2] /(x2 + e *de =

x

— (x2 +1)(—e™") — /21‘(—6796) dx

U=

:—6_35(562—1-1)—1—2/5176_“c dz = o — 1
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P¥iklad (Per partes — derivace polynomu)

u=x v =cosx
v =1 v=sinz

Qo /mcosxdx: :xsinx—/sinmdm

=xsinx +cosx + ¢

u=2z241 v =e"

o =2z v=—e %

(2] /(x2 + e *de =

— (x2 +1)(—e™") — /Zw(—e*m) dz

= —e (2 4+ 1)+ 2/906_3C dz =

=—e (22 +1)+2 [ay(—e—m) - / 1-(—e™™) dx}
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P¥iklad (Per partes — derivace polynomu)

u=x v =cosx
v =1 v=sinz

Qo /mcosxdx: :xsinx—/sinmdm

=xsinx +cosx + ¢

u=2z241 v =e"

o =2z v=—e %

(2] /(x2 + e *de =

— (x2 +1)(—e™") — /Zw(—e*m) dz

= —e (2 4+ 1)+ 2/906_3C dz =

=—e (22 +1)+2 [ay(—e—m) - / 1-(—e™™) dx}

=—e (2% 4+ 1) — 2ze " + 2/6_“” dz
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P¥iklad (Per partes — derivace polynomu)

u=x v =cosx
v =1 v=sinz

Qo /mcosacdx =

=xsinx +cosx + ¢

=zsinx — /sinmdm

u=2z241 v =e"
o =2z v=—e"%

(2] /(x2 + e *de =

= (22 +1)(—e?) - /Zw(—e*m) dx

= —e (2 4+ 1)+ 2/906_3C dz =

=—e (22 +1)+2 [ay(—e—m) - / 1-(—e™™) dx}

=—e (z*+1) - 2ze™ " + 2/6_“” dz

= e "2+ 1)—2ze " -2 " +c
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P¥iklad (Per partes — derivace polynomu)

u=x v =cosx
v =1 v=sinz

Qo /mcosacdx =

=xsinx +cosx + ¢

=zsinx — /sinmdm

u=2z241 v =e"
o =2z v=—e"%

(2] /(x2 + e *de =

= (22 +1)(—e?) - /Zw(—e*m) dx

= —e (2 4+ 1)+ 2/906_3C dz =

=—e (22 +1)+2 [ay(—e—m) - / 1-(—e™™) dx}

=—e (z*+1) - 2ze™ " + 2/6_“” dz

=—e "(@?+1)—2ze " —2 " +c=—e"(2°-22+3) +c
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Pt¥iklad (Per partes — integrace polynomu)

Q /lnxdx
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Pt¥iklad (Per partes — integrace polynomu)
— A
0/lnxdx: u=Ilnz v =1

=31 wv=zx
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Pt¥iklad (Per partes — integrace polynomu)

0/lnxdx: v 111133 v 1‘:xlnx—/—~xdac
x

Ww== wv=x
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Pt¥iklad (Per partes — integrace polynomu)

0/1nxdx: v 111133 v 1‘:xlnx—/—~xdx
x

=5 v=zx
:xlnx—/dx:xlnm—x+c
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Pt¥iklad (Per partes — integrace polynomu)

— A
0/1nxdx= u—1111£17 U_l‘lenx—/l-mdx
T

== wv==x
:xlnx—/dx:xlnm—x+c

Q /warctga: dz
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Pt¥iklad (Per partes — integrace polynomu)

— A
0/1nxdx= u—1111£17 U_l‘lenx—/l-mdx
T

== wv==x
:xlnx—/dx:xlnm—x+c

M

u=arctgr v =ux
v =

I T

2

Q /warctga: de =

_1
T x241
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Pt¥iklad (Per partes — integrace polynomu)

— A
0/lnxdx= u—1111£17 U_l‘lenx—/l-xdx
T

== wv==x
:xlnx—/dx:xlnm—x—l—c

!

u=arctgr v =ux
v

z2 1 x?
= —arctgr — — dx

Q /xarctga: de = 5| 211

1 — -
T ox241 - 2
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Pt¥iklad (Per partes — integrace polynomu)

0/lnxdx: u, hllx v 1‘:xlnx—/—~xdx
= x

u == v=2a
:xlnx—/dx:xlnx—x—l—c

x

u=arctgr v =ux

2
li _
V=73

2 1 2
Q /xarctga: da = = %arctga: ~3 / xf_'_ 1 dz

_1
T x241

x? 1 1
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Pt¥iklad (Per partes — integrace polynomu)
L V=2

0/1n:17d:17: ,
u:;

:xlnx—/dx:azlnx—x—i—c

u=arctgr v =ux
2

_z
U=

!l 1
T x241

Q /xarctga: de =

2

frd I: ]_
u=hz v 1‘:xlnx—/—~xdx
T

2

2

T 1 x?
= ?arctgx 3 21 dx

v t L 1 L de = 2 arct 1( tgx) +
= —arctgr — — _— r = —arctgr — —\xr — arctgxr C
8775 211 g AT T 5 &
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VyuzZiti systému pocitacové algebry

VyuZiti systémi Sage, Maxima, Wolfram Alpha:

http://user.mendelu.cz/marik/akademie/integralni-pocet.html

Matematické vypotty online (MAW):

http://um.mendelu.cz/maw-html/index.php?lang=cs&form=integral
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