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1 Derivatives

Find the derivative of the functions:

1. y =
√
x + ln sin tg x

2. y =
1

x3
+ ln cos

x

2

3. y =
1√
x

+ arctg e3x

4. y = x3 lnx + sinx2

5. y =
lnx

x2
+ (sin 3x + 4)5

6. y = ex(x2 + 3) + sin(lnx2)

7. y = x2ex + ln(cos 3x)

8. y =
sinx

x2
+ esin 2x

9. y = ex(x2 + 3x) + cos(ln x2)

10. y = x3 cosx + ln(sinx3)

11. y =
x3

x2 + 1
+ sin(ex

3

)

12. y = x2 lnx + sin2(e2x)

13. y =
sinx

x
+ ln(cos3 x)

14. y =
x3

x + 2
+ cos(ex

2

)

15. y =
√
x lnx + esinx

3

16. y =
ex

x3
+ (x2 + ln 3x)4

17. y = e2x(x2 + 1) + ln2 x

18. y =

√
x

x + 2

19. y = ln

(
x− 1

x + 1

)
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2 Investigation of functions

2.1 Polynomials

Investigate the following polynomials:

(a) Find the domain, find the parts above/below x-axis.

(b) Monotonicity.

(c) Concavity.

(d) Sketch the graph.

1. y = 6x3 − 3x6.

2. y = x5 − 5x4.

3. y = 3x− x3.

4. y = x4 + 2x3.

5. y = 4x3 − x4.

6. y = x3 − 2x2 + x.

7. y = x3 − 4x2 + 4x.

8. y = x3 − 6x2 + 9x.

9. y = 2x3 − 9x2 + 12x.

2.2 Rational functions

Investigate the following functions:

(a) Find the domain, find the parts above/below x-axis.

(b) Monotonicity.

(c) Concavity.

(d) Asymptotes.

(e) Sketch the graph.

1. y =
x2

x− 2

Hint: y′ =
x2 − 4x

(x− 2)2
, y′′ =

8

(x− 2)3
.

2. y =
x2

x + 1

Hint: y′ =
x2 + 2x

(x + 1)2
, y′′ =

2

(x + 1)3
.

3. y =
x

(x− 2)2

Hint: y′ =
−x− 2

(x− 2)3
, y′′ =

2x + 8

(x− 2)4
.

4. y =
x

(x + 3)2

Hint: y′ =
3− x

(x + 3)3
, y′′ =

2x− 12

(x + 3)4
.

5. y =
x2

(x + 1)2
.

Hint: y′ =
2x

(x + 1)3
, y′′ =

2− 4x

(x + 1)4
.

6. y =
x

x2 + 1
.

Hint: y′ =
1− x2

(x2 + 1)2
, y′′ =

2x3 − 6x

(x2 + 1)3
.
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7. y =
x

(x− 1)2
.

Hint: y′ =
−x− 1

(x− 1)3
, y′′ =

2x + 4

(x− 1)4
.

8. y =
x− 2

(x− 1)2
.

Hint: y′ =
3− x

(x− 1)3
, y′′ =

2x− 8

(x− 1)4
.

9. y = x +
1

x + 1
.

Hint: y′ =
x2 + 2x

(x + 1)2
, y′′ =

2

(x + 1)3
.

10. y =
x2 − 1

x3
.

Hint: y′ =
3− x2

x4
, y′′ =

2x2 − 12

x5
.
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3 Integrals

3.1 Basic integrals

1.

∫
x2(x + 3) dx

2.

∫ √
x dx

3.

∫
x2
√
x dx

4.

∫
1

x2
dx

5.

∫
1√
x

dx

6.

∫
1

x4
dx

7.

∫
2

x3
dx

8.

∫
3
√
x dx

9.

∫
x + 1

x3
dx

10.

∫
x2 + x + 3

x2
dx

3.2 Basic substitutions

1.

∫
e−3x dx

2.

∫
cos 3x dx

3.

∫
e−x dx

4.

∫
sin 5x dx

5.

∫
e4x dx

6.

∫
cos

x

2
dx

7.

∫
sin

x

3
dx

8.

∫
(3x− 5)5 dx

9.

∫
1

2x− 3
dx

10.

∫
1

(2x + 5)3
dx

11.

∫
x

x2 + 2
dx

12.

∫
tg x dx

13.

∫
cotg x dx

14.

∫
3x

x2 + 5
dx

3.3 Substitutions

1.

∫
x sinx2 dx

2.

∫
x sin(x2 + 3) dx

3.

∫
xex

2

dx

4.

∫
x cosx2 dx

5.

∫
x2ex

3+2 dx

6.

∫
sin3 x cosx dx

7.

∫
cosx

sin2 x
dx

8.

∫
sinx

cos4 x
dx

9.

∫
sinx

sin2 x + 5
cosx dx

10.

∫
x√
x− 2

dx

11.

∫
cosx

cos2 x + 7
sinx dx

12.

∫
x√
x + 3

dx

13.

∫
3

x
√
x− 1

dx

14.

∫
1

x +
√
x

dx
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3.4 By parts

1.

∫
x cosx dx

2.

∫
x2ex dx

3.

∫
lnx dx

4.

∫
xex dx

5.

∫
x lnx dx

6.

∫
x2 sinx dx

7.

∫
x2 lnx dx

8.

∫
x cos 3x dx

9.

∫
arctg x dx

10.

∫
xarctg x dx

11.

∫
xe−x dx

12.

∫
x sin 2x dx

3.5 Definite integrals

1.

∫ 1

0

(x2 + x + 2) dx

2.

∫ 2

0

(x2 + 1) dx

3.

∫ 2

1

(2x + 1) dx

4.

∫ 2

1

(x3 − 2x + 1) dx

5.

∫ 1

0

(x3 − 3x2 + 1) dx

6.

∫ 2

1

x3 + 2x + 3

x2
dx

7.

∫ π

0

x cosx dx

8.

∫ 1

0

xex
2+1 dx

9.

∫ 3

0

x√
x + 1

dx
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4 Vectors, matrices, determinants

4.1 Operations with matrices

1. Let

A =

3 0 3
0 −1 2
3 1 2

 , B =

2 1
0 3
2 3

 .

Calculate (A− 2I)T ·B, where I is the identity matrix .

2. Let

A =

1 0 3
0 −1 2
2 1 2

 , B =

3 2
0 2
2 1

 .

Calculate (AT + I) ·B, where I is the identity matrix.

3. Let

A =

3 2 1
0 2 0
3 1 2

 , B =

1 0 0
0 2 1
1 1 2

 ,

Calculate (A−B)2, where I is the identity matrix.

4. Let

A =

1 5 2
2 0 1
3 2 0

 .

Calculate A2.

5. Let

A =

1 1 3
2 2 1
2 2 0

 .

Calculate (AT − I)A, where I is the identity matrix.

4.2 Determiannts, inverse matrix, linear dependence/independence of
vectors

1. Let

A =

1 3 2
1 2 1
0 1 0


(a) Evaluate the determinant of A.

(b) Using the value of detA answer the following questions:

(i) Are the rows of A linearly dependent or independent?

(ii) Is rank (A) > 3, rank (A) < 3 or rank (A) = 3?

(iii) Does the inverse matrix A−1 exist? If A−1 exists, find it.
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2. Let

A =

1 2 3
2 0 1
3 2 4

 .

(a) Evaluate the determinant of A.

(b) Using the value of detA answer the following questions:

(i) Are the rows of A linearly dependent or independent?

(ii) Is rank (A) > 3, rank (A) < 3 or rank (A) = 3?

(iii) Does the inverse matrix A−1 exist? If A−1 exists, find it.

3. Let 1 0 2
2 1 4
0 1 1

 .

(a) Evaluate the determinant of A.

(b) Using the value of detA answer the following questions:

(i) Are the rows of A linearly dependent or independent?

(ii) Is rank (A) > 3, rank (A) < 3 or rank (A) = 3?

(iii) Does the inverse matrix A−1 exist? If A−1 exists, find it.

4. Let

A =

 1 1 2
0 −1 0
−1 −2 −1

 .

(a) Evaluate the determinant of A.

(b) Using the value of detA answer the following questions:

(i) Are the rows of A linearly dependent or independent?

(ii) Is rank (A) > 3, rank (A) < 3 or rank (A) = 3?

(iii) Does the inverse matrix A−1 exist? If A−1 exists, find it.

5. Let

A =

1 0 3
1 1 2
2 1 5

 .

(a) Evaluate the determinant of A.

(b) Using the value of detA answer the following questions:

(i) Are the rows of A linearly dependent or independent?

(ii) Is rank (A) > 3, rank (A) < 3 or rank (A) = 3?

(iii) Does the inverse matrix A−1 exist? If A−1 exists, find it.

6. Evaluate the determinants:∣∣∣∣∣∣∣∣
3 2 3 1
0 0 2 0
3 1 2 2
0 3 2 1

∣∣∣∣∣∣∣∣ ,
∣∣∣∣∣∣∣∣
3 3 1 0
5 3 2 3
2 0 0 0
0 1 0 2

∣∣∣∣∣∣∣∣ ,
∣∣∣∣∣∣∣∣
5 3 2 3
2 0 0 0
3 3 1 0
0 1 0 2

∣∣∣∣∣∣∣∣ ,
∣∣∣∣∣∣∣∣

1 5 1 0
2 0 3 3
0 3 0 0
3 −3 1 −2

∣∣∣∣∣∣∣∣ .
7. Are the following vectors liearly dependent or independent?
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(a) ~a = (1, 2, 1, 0), ~b = (1, 2,−1, 1), ~c = (0, 1, 2, 1), ~d = (1, 1, 0, 1)

(b) ~a = (1, 2, 1, 0), ~b = (1, 0,−1, 1), ~c = (1, 1, 2, 1), ~d = (2, 1, 1, 2)

(c) ~a = (1, 3, 1, 0), ~b = (1,−1, 0, 1), ~c = (1, 1, 2, 1), ~d = (1, 1, 1, 2)
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5 Systems of linear equations

Solve the following systems using the Gauss method.

(a) Find the rank of the coeffcient and of the augmented matrix and determine how many solutions
the system has.

(b) Find the solution of the system (if exists any).

1.

8x1 + 6x2 − x3 + 3x4 = −9

2x1 + 2x2 − x3 + 5x4 =−13

x1 + 2x2 − 2x3 + 11x4 =−28

2x2 − 3x3 + 17x4 =−43.

2.

x1 + x2 − x3 + x4 =−2

2x1 + x2 − x3 + 2x4 = 2

3x1 + 2x2 − 2x3 + 3x4 = 1

x2 − 3x3 + 2x4 =−3.

3.

x1 + 2x2 − x4 =−2

2x1 + 3x2 + x3 − 5x4 = 1

x1 + x2 + x3 − 4x4 = 3

x2 − x3 + 2x4 = 0.

4.

x1 + x2 − 2x3 + 3x4 = 0

3x1 + 2x2 + 3x3 − 4x4 =−4

−3x1 − 2x2 − 3x3 + 3x4 = 4

−7x1 − 6x2 + 5x3 − 8x4 = 4.

5.

x1 + x2 + 3x3 − x4 = 2

2x1 + x2 + 5x3 − 2x4 = 0

2x1 − x2 + 3x3 − 2x4 =−8

3x1 + 2x2 + 8x3 − 3x4 = 2.

6.

x1 + 3x2 − 2x3 + x4 =0

2x1 + 5x2 − 3x3 + 3x4 =0

x1 + 2x3 − 2x4 =9

2x1 − x2 + 4x3 + 9x4 =3.

7.

x1 + 3x2 + 2x3 − 4x4 =−4

x2 + x3 − 3x4 =−3

−x1 + 2x2 + x3 − x4 =−1

5x1 + 2x2 + 4x4 = 4.

8.

x1 + 2x2 − 5x3 + x4 =−2

x2 + 3x3 − 4x4 = 1

−x1 + 2x2 − x3 + x4 = 6

3x1 + x2 − 4x3 + 6x4 =−2.

9.

x1 + x2 − x3 + x4 = 0

2x1 + 3x2 + x3 + x4 = 6

4x1 + 5x2 − x3 + 3x4 = 6

3x1 + 4x2 − 6x3 + 2x4 =−6.

10.

x1 − x2 + x3 + 2x4 =1

x1 − 2x2 − x3 + 2x4 =1

2x1 + 3x3 + x4 =2

x1 + x2 + 3x3 =1.

11.

x1 + x2 + 2x4 =0

x1 + x3 + x4 =2

2x1 + x2 + x3 + 3x4 =3

x2 − 2x3 + 3x4 =1.

12.

x1 + x2 + 5x4 =1

x1 + x3 + 2x4 =1

x1 − 3x2 + 4x3 − 7x4 =1

x2 − x3 + 3x4 =0.
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Solve the following systems using

(a) the Cramer rule,

(b) the inverse of the coefficient matrix.

1.

2x + 3y = 1

4x + 7y = 3

2.

1x + 2y = 3

3x + 5y = 2
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